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INSTANTON BUNDLES ON THE BLOW UP OF
THE PROJECTIVE 3–SPACE AT A POINT
G. CASNATI, E. COSKUN, O. GENC, F. MALASPINA
Abstract. We propose a general definition of mathematical instanton bundle
with given charge on any Fano threefold extending the classical definitions on
P3 and on Fano threefold with cyclic Picard group. Then we deal with the case
of the blow up of P3 at a point, giving an explicit construction of instanton
bundles satisfying some important extra properties: moreover, we also show
that they correspond to smooth points of a component of the moduli space.
1. Introduction
Let PN be the projective space of dimension N over the complex field C. We
recall that a smooth irreducible closed subscheme X ⊆ PN of dimension 3 is called
a Fano threefold if the dual of its canonical bundle ωX is ample: we refer the
interested reader to [20] for the results about Fano threefold mentioned in what
follows.
The greatest positive integer iX such that ωX ∼= OX(−iXh) for some ample line
bundle OX(h) ∈ Pic(X) is called the index of X and OX(h) the fundamental line
bundle of X . One has 1 ≤ iX ≤ 4 and iX = 4, 3 if and only if X is isomorphic to
either P3, or a smooth quadric in P4, respectively. Up to isomorphism there exist
exactly 8 deformation families of Fano threefolds with iX = 2 and 95 deformation
families of Fano threefolds with iX = 1 (see [20, Chapter 20]).
The study of vector bundles on Fano threefolds is an important research field,
even in the very first cases of the projective space and of the smooth quadric. A
particularly important family of rank 2 vector bundles on Fano threefolds is related
to physics. In order to introduce such a family we fix some notation and recall some
facts below.
Let X be any threefold endowed with an ample line bundle OX(H). Recall that
for each sheaf F on X its slope and reduced Hilbert polynomial with respect to
OX(H) are
µ(F) = c1(F)H
2/rk(F), pF(t) = χ(F(tH))/rk(F),
respectively.
We say that the bundle F is µ–stable (resp. µ–semistable) with respect to
OX(H) if µ(G) < µ(F) (resp. µ(G) ≤ µ(F)) for each subsheaf G with 0 < rk(G) <
rk(F). The bundle F is called stable (resp. semistable) with respect to OX(H)
if pG(t) < pF (t) (resp. pG(t) ≤ pF(t)) for each proper subsheaf G. We have the
following chain of implications for F :
F is µ–stable ⇒ F is stable ⇒ F is semistable ⇒ F is µ–semistable.
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It is easy to see that a vector bundle F is (µ–semi)stable with respect to OX(H)
if and only if it is (µ–semi)stable with respect to OX(λH) for each positive integer
λ. There exists a quasi–projective schemeMX(r; c1, c2) parameterizing semistable
vector bundles on X with respect to OX(H) with fixed rank r and Chern classes
c1, c2.
Now let X be a Fano threefold of index iX , define
qX :=
[
iX
2
]
and assume that the Picard number ̺X of X is 1. In [16] (see also [24] in the case
iX = 2: see also [33] for a more detailed analysis when deg(X) = 5), the author calls
instanton bundle on such a Fano threefold X (sometimes also called mathematical
instanton bundle) every stable rank 2 vector bundle E such that c1(E) = (2qX−iX)h
and h1
(
X, E(−qXh)
)
= 0. Such a definition coincides with the classical one when
X = P3: see [30] and the references therein. In [16, 24], several new examples are
described, showing the existence of instanton bundles on some Fano threefolds X
with ̺X = 1.
In [26] the authors slightly weakened the above definition following the classical
papers [13, 6], in order to deal with bundles on a Fano variety with Picard number
̺X ≥ 2. More precisely, let X be the flag threefold, i.e. the general hyperplane
section X of the Segre embedding P2 × P2 ⊆ P8: notice that iX = 2 in this case.
The authors call instanton bundle every µ–semistable rank 2 bundle E on X
such that c1(E) = 0 and h0
(
X, E
)
= h1
(
X, E(−h)
)
= 0, proving their existence and
classifying the strictly µ–semistable ones for each admissible value of c2(E). Such
a classification allows them to prove that the notion of µ–semistability is actually
equivalent to the semistability one for instanton bundles on the flag threefold X .
A similar definition is also adopted in [2], where instanton bundles on the Segre
embedding P1 × P1 × P1 ⊆ P7 are described.
In the present paper, partially motivated by the above discussion, we adopt the
latter definition of instanton bundle, extending it to any Fano threefold regardless
of its Picard number.
Definition 1.1. Let X be a Fano threefold.
A vector bundle E of rank 2 on X is called an instanton bundle if the following
properties hold:
• c1(E) = (2qX − iX)h;
• E is µ–semistable and h0
(
X, E
)
= 0;
• h1
(
X, E(−qXh)
)
= 0;
Following the usual terminology, if E is an instanton bundle on a Fano threefold
X , then the class c2(E) will be called the charge of E . Moreover, if E is an in-
stanton bundle we will refer to the vanishing of h1
(
X, E(−qXh)
)
as the instantonic
condition.
We now turn our attention to two other interesting properties of instanton
bundles related to their semistability. Notice that µ–stability implies both µ–
semistability and h0
(
X, E
)
= 0, and it is actually equivalent to the latter vanishing
if iX is even and ̺X = 1.
We first notice that if ̺X = 1, then for each d ≥ 1, the line bundle OX(dh) is very
ample, hence E ⊗OD is µ–semistable for each general D ⊆ X with D ∈ |dh|, thanks
to [29, Theorem 3.1]. In particular we certainly have h0
(
D, E(−qXh) ⊗ OD
)
= 0.
The cohomology of the exact sequence
0 −→ OX(−D) −→ OX −→ OD −→ 0 (1.1)
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tensored by E(−qXh) gives h1
(
X, E(−qXh − D)
)
= h0
(
D, E(−qXh) ⊗ OD
)
= 0.
Hence, a µ–stable rank 2 bundle E with c1(E) = (2qX − iX)h on X is an instanton
bundle if and only if h1
(
X, E(−ih)
)
= 0 for each i ≥ qX . In Section 3 we will
show that one can still prove similarly that h1
(
X, E(−h−D)
)
= 0 for each effective
smooth divisor D on the flag threefold X .
As a second interesting property we recall that a subscheme L ⊆ X is called
a line if L ∼= P1 and Lh = 1: we denote by Λ the Hilbert scheme of lines on
X . The restriction of an instanton bundle on P3 to each general line L is the
trivial bundle O⊕2
P1
, thanks to the Grauert–Mu¨lich theorem (see [30, Corollary 2 of
Theorem II.2.1.4]). Similarly, for iX = 3 the restriction is OP1⊕OP1(−1): see [12,
Proposition 5.3].
The problem of understanding how the restriction of an instanton bundle to
general hyperplanes and lines behaves seems to be of particular interest. For this
reason we give the following further definitions.
Definition 1.2. Let E be an instanton bundle on a Fano threefold X .
• We say that E is generically trivial (resp. on the component Λ0 ⊆ Λ) if
h1
(
L, E((iX − 2qX − 1)h)⊗OL
)
= 0 when L ∈ Λ (resp. on Λ0) is general.
• We say that E is earnest if h1
(
X, E(−qXh−D)
)
= 0 when |D| 6= ∅ contains
smooth integral elements.
Notice that h1
(
L, E((iX−2qX−1)h)⊗OL
)
= 0 if and only if either E⊗OL ∼= O
⊕2
P1
(when iX is even), or E ⊗ OL ∼= OP1(−1) ⊕ OP1 (when iX is odd). The locus of
lines L ∈ Λ with such a splitting property is open by semicontinuity. Thus E is
generically trivial on a component Λ0 if and only if there is at least one L ∈ Λ0
with such a splitting property.
As we pointed out above each instanton bundle is generically trivial if iX ≥ 3.
When iX ≤ 2 the problem of the generic triviality of each instanton bundle is open.
Indeed, in this case, it seems difficult to extend the proof of the aforementioned
Grauert–Mu¨lich theorem, because the natural map L → X from the universal line
L → Λ has no more connected fibres (see [24, Section 3.7 and Conjecture 3.16]).
Let E be a plane, i.e. a divisor E ⊆ X such that E ∼= P2 and Eh2 = 1.
The universal property of the Hilbert scheme yields the existence of a morphism
ǫ : E∨ ∼= P2 → Λ whose image contains all the points corresponding to lines in E.
Thus there exists a component ΛE ⊆ Λ containing im(ǫ). In Section 4 we will show
that the vanishing h1
(
X, E(−qXh − E)
)
= 0 is related to the generic triviality on
the component ΛE .
In Section 3 we also show that the above definitions lead to the well known
classical examples. Notice that in these classical examples, essentially thanks to
the µ–semistability hypothesis, one obtains that c2(E) ∈ Mov(X), i.e. it satisfies
c2(E)D ≥ 0 for each element D of the pseudo–effective cone of X (for further details
on Mov(X) see [25, Section 11,4.C]): in particular such an inequality holds for every
effective divisors on X .
In Section 4 we show that an instanton bundle in the sense of the above definition
has some interesting properties. E.g.
c2(E)h ≥


1 if iX = 4,
2 if iX = 2, 3,
deg(X)
4 if iX = 1.
Moreover, if 2 ≤ iX ≤ 3 and the fundamental line bundle gives an embedding
X ⊆ PN , then instanton bundles E of minimal charge are Ulrich bundles up to
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twisting them by OX(h), i.e.
hi
(
X, E((1− i)h)
)
= 0, i > 0,
hj
(
X, E(−jh)
)
= 0, j < 3.
In Section 5 we begin to deal with the case of the Fano threefold F ⊆ P8 of
degree 7, i.e. the blow up F := BlP P
3 of P3 at a point P . We have a natural
isomorphism F ∼= P(P)
π
−→ P2, where P := OP2 ⊕ OP2(1). We denote by ξ and f
the classes in A(F ) of the line bundles OP(P)(1) and π
∗OP2(1) respectively. Thus
we have an isomorphism
A(F ) ∼= Z[ξ, f ]/(f3, ξ2 − ξf),
so that ξ3 = ξ2f = ξf2 are the classes of a point. The embedding F ⊆ P8 is induced
by the linear system OF (h) = OF (ξ + f) and ωF ∼= OF (−2h): in particular iF = 2
and its fundamental line bundle corresponds to the quadrics through the blown up
point P . In what follows we will denote the exceptional divisor of the blow up by
E.
If E is an instanton bundle on F with c2(E) = αξ2+βf2, in the same section we
also construct a monad using particular full exceptional collections. We also use
such a monad for proving some cohomological properties of instanton bundles on
F . More precisely, we define the sheaves
C−1 := OF (−f)
⊕β+γ ⊕ π∗Ω1F (f − ξ)
⊕α,
C0 := OF (−f)
⊕γ ⊕ π∗Ω1
P2
(f)⊕α+β ⊕OF (−ξ)
⊕2α,
C1 := O⊕2α+β−2F ,
Then the following theorem holds.
Theorem 1.3. Let E be an instanton bundle with c2(E) = αξ2 + βf2 on F .
Then E is the cohomology of a monad C• of the form
0 −→ C−1 −→ C0 −→ C1 −→ 0
where γ := h1
(
F, E(−2ξ)
)
≤ α.
Conversely, if the cohomology E of the monad C• is a µ–semistable bundle for
some integers α, β, γ, then E is an instanton bundle with charge αξ2 + βf2 on F
such that
(1) h1
(
F, E(−h− E)
)
≤ γ;
(2) h1
(
F, E(−h−D)
)
= 0 for each smooth divisor D 6= E.
Notice that
h1
(
F, E(−h− E)
)
= h1
(
F, E(−2ξ)
)
.
Thus Theorem 1.3 implies that if γ = 0, then β ≥ 0 thanks to the definition of C−1.
We will see that this inequality is equivalent to c2(E) ∈ Mov(F ) (see Corollary 5.5).
The following corollary is an immediate consequence of Theorem 1.3 and of the
short discussion above.
Corollary 1.4. Let E be an instanton on F . Then E is earnest if and only if
h1
(
F, E(−2ξ)
)
= 0. (1.2)
Moreover, if this is true, then c2(E) ∈ Mov(F ),
Thus earnest instanton bundles on F are actually characterised by a single con-
dition. As we pointed out above, in the classical cases of Fano threefolds X with
̺X = 1 and of the flag threefold this is trivially true: it is then natural to ask the
following question.
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Question 1.5. Are earnest instanton bundles on a Fano threefold always charac-
terised by a finite set of vanishings?
We conclude the section by characterising minimal instanton bundles and giving
some partial results on the µ–(semi)stability of instanton bundles. In particular,
we prove that if E is an instanton bundle with charge αξ2 + βf2 such that α ≤ 14,
then E is automatically µ–stable. The following question is then natural.
Question 1.6. Is every instanton bundle on F µ–stable?
The problem of the existence of instanton bundles is studied in Section 7. More
precisely, we describe a construction (see Construction 7.2) which leads to µ–stable,
earnest, generically trivial instanton bundles E on F with charge in Mov(F ) and
such that Ext2F
(
E , E
)
= 0, proving the following result.
Theorem 1.7. For each non–negative α, β ∈ Z, with 2α + β ≥ 2, there is a
generically trivial earnest µ–stable instanton bundle E with charge αξ2 + βf2 on F
such that
dimExt1F
(
E , E
)
= 8α+ 4β − 3, Ext2F
(
E , E
)
= Ext3F
(
E , E
)
= 0.
Let IF (αξ2 + βf2) be the locus of points representing instanton bundles in the
moduli space MF (2; 0, αξ
2 + βf2).
Construction 7.2 and the previous theorem have the following consequence whose
proof is given in Section 8.
Theorem 1.8. For each non–negative α, β ∈ Z, with 2α + β ≥ 2 there is an
irreducible component
I0F (αξ
2 + βf2) ⊆ IF (αξ
2 + βf2)
which is generically smooth of dimension 8α+4β − 3 and containing all the points
corresponding to the bundles obtained via Construction 7.2.
In the same section we also characterise instanton bundles with charge βf2,
showing that IF (βf2) is irreducible. Similarly, we also show therein that the locus
of earnest instanton bundles inside IF (αξ2) coincides with I0F (αξ
2).
Question 1.9. Is I0F (αξ
2 + βf2) the locus of earnest instanton bundles inside
IF (αξ2 + βf2)?
We are not able to prove or disprove the existence of instanton bundles on F
with charge in the complement of Mov(F ). Thus the following related questions
rise naturally.
Question 1.10. Is the charge of every instanton bundle on F in Mov(F )? Are
there non–earnest instanton bundles?
1.1. Acknowledgements. The authors are particularly indebted with the referee
for her/his criticisms, questions, remarks and suggestions which have considerably
improved the whole exposition.
2. General facts
We list below some general facts which will be used in the paper. Let X be any
smooth projective variety with canonical line bundle ωX .
If G and H are coherent sheaves on X , then the Serre duality holds
ExtiX
(
H,G ⊗ ωX
)
∼= Ext
dim(X)−i
X
(
G,H
)∨
(2.1)
(see [18, Proposition 7.4]).
In what follows we will handle simple sheaves. The following lemma will be
helpful.
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Lemma 2.1. If G is a simple coherent torsion–free sheaf with c1(G) = 0 on a
smooth variety X with h0
(
X,ω−1X
)
> 0 and h0
(
X,ω
rk(G)
X
)
= 0, then
Ext
dim(X)
X
(
G,G
)
= 0.
Proof. By definition dimHomX
(
G,G
)
= 1. Thus every non–zero ϕ : G → G is
the multiplication by a constant, hence it is injective because G is torsion–free.
Moreover,
Ext
dim(X)
X
(
G,G
)
∼= HomX
(
G,G ⊗ ωX
)∨
,
by Equality (2.1).
Every, non–zero ψ : G → G ⊗ ωX induces a non–zero element ϕ ∈ HomX
(
G,G
)
by composing with the natural inclusion map G ⊗ ωX ⊆ G. It follows that ψ must
be injective, hence det(ψ) : det(G) → det(G) ⊗ ω
rk(G)
X should be injective as well.
Since h0
(
X,ω
rk(G)
X
)
= 0, it follows a contradiction. 
Let F be a vector bundle of rank 2 on X and let s ∈ H0
(
X,F
)
. In general its
zero–locus (s)0 ⊆ X is either empty or its codimension is at most 2. We can always
write (s)0 = S ∪ Z where Z has codimension 2 (or it is empty) and S has pure
codimension 1 (or it is empty). In particular F(−S) has a section vanishing on Z,
thus we can consider its Koszul complex
0 −→ OX(S) −→ F −→ IZ|X(−S)⊗ det(F) −→ 0. (2.2)
Sequence 2.2 tensored by OZ yields IZ|X/I
2
Z|X
∼= F∨(S)⊗OZ , whence the normal
bundle of Z inside X satisfies
NZ|X ∼= F(−S)⊗OZ . (2.3)
If S = 0, then Z is locally complete intersection inside X , because rk(F) = 2. In
particular, it has no embedded components.
The Serre correspondence allows us to revert the above construction as follows.
Theorem 2.2. Let Z ⊆ X be a local complete intersection subscheme of codimen-
sion 2.
If det(NZ|X) ∼= OZ ⊗ L for some L ∈ Pic(X) such that h
2
(
X,L∨
)
= 0, then
there exists a vector bundle F of rank 2 on X such that:
(1) det(F) ∼= L;
(2) F has a section s such that Z coincides with the zero locus (s)0 of s.
Moreover, if H1
(
X,L∨
)
= 0, the above two conditions determine F up to isomor-
phism.
Proof. See [3]. 
The Riemann–Roch formula for a vector bundle F on a threefold X is
χ(F) = rk(F)χ(OF ) +
1
6
(c1(F)
3 − 3c1(F)c2(F) + 3c3(F))−
−
1
4
(ωXc1(F)
2 − 2ωXc2(F)) +
1
12
(ω2Xc1(F) + c2(ΩX)c1(F))
(2.4)
where ωX := c1(ΩX)) (see [17, Theorem A.4.1]). Recall that iXhc2(ΩX) = 24 and
χ(OF ) = 1 when X is a Fano threefold (see [17, Exercise A.6.7]).
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3. Instanton bundles on Fano threefolds
In this section we confront the classical definition of instanton bundle in [16, 24,
26] with Definition 1.1.
Before dealing with the examples, we prove the following lemma.
Lemma 3.1. If E is a simple instanton bundle on a Fano threefold X, then
dimExt1X
(
E , E
)
− dimExt2X
(
E , E
)
= 2iXc2(E)h− iX
c1(E)2h
2
− 3.
Proof. The statement follows from Lemma 2.1 applied to E and Equality (2.4) for
the bundle E ⊗ E∨, taking into account that E is simple. 
Now we give some examples, showing that our definition either matches, or
generalizes the different classical definitions of instanton bundle (e.g. see [30, 31,
16, 26])
Recall that on a Fano threefold with Pic(X) generated by OX(h), a rank 2 vector
bundle E on X is µ–stable if and only if it is simple, if and only if c1(E) = 0 and
h0
(
X, E
)
= 0, thanks to the Hoppe criterion (e.g. see [19, 21]).
Example 3.2. If X ∼= P3, then iX = 4 and qX = 2. In this case, our definition of
instanton bundles coincides with the classical one. Moreover, they are all generically
trivial and earnest, thanks to [30, Corollary 2 of Theorem II.2.1.4] and a theorem
of Maruyama (see [29, Theorem 3.1]).
It is well–known that instanton bundles E on P3 correspond to the point of an
open subset I(α) ⊆MP3(2; 0, α) where α ≥ 1.
In order to see that I(α) is non–empty for each positive α ∈ Z, let A ⊆ P3 be
the union of α+ 1 pairwise skew lines: A is non–degenerate in P3 by construction,
hence h0
(
P3, IA|P3(1)
)
= 0. Moreover, NA|P3 ∼= OA⊗OP3(1)
⊕2 because the lines in
A are pairwise disjoint. Thus Theorem 2.2 with N = 3 implies the existence of a
vector bundle A with c1(A) = OP3(2) and t ∈ H
0
(
P3,A
)
such that (t)0 = A. The
corresponding Koszul complex is
0 −→ OP3 −→ A −→ IA|P3(2) −→ 0. (3.1)
The cohomology of Sequence (3.1) returns h0
(
P3,A(−1)
)
≤ h0
(
P3, IA|P3(1)
)
= 0
and h1
(
P3,A(−3)
)
≤ h1
(
P3, IA|P3(−1)
)
. Trivially h0
(
A,OA⊗OP3(−1)
)
= 0, hence
the cohomology of
0 −→ IA|P3 −→ OP3 −→ OA −→ 0, (3.2)
implies h1
(
P3, IA|P3(−1)
)
= 0. It follows that U := A(−1) is an instanton bundle
on P3 with c2(U) = c2(A(−1)) = α.
In particular U is µ–stable. Moreover, the cohomology of Sequence (3.1) tensored
by U(−1) gives
dimExt2
P3
(
U ,U
)
= h2
(
P
3,U ⊗ U
)
≤ h2
(
P
3,U(−1)
)
+ h2
(
P
3,U ⊗ IA|P3(1)
)
.
It is easy to deduce from Equality (2.3) and the cohomology of Sequences (3.1)
and (3.2) that all the dimension on the left are actually zero, thus Equality (2.4)
for U , yields that the component of the moduli space MP3(2; 0, α) containing U is
generically smooth of dimension dimExt1
P3
(
U ,U
)
= 8α− 3.
Recently, in [35, 36, Theorems 1.1], the author proved that I(α) is irreducible:
the computations above also show that its dimension is dim(I(α)) = 8α− 3. More-
over, in [22, Theorem 8.6], the authors succeeded in proving the smoothness of
I(α) as a by–product of a more general result. Such a result and Lemma 3.1 then
immediately imply that Ext2
P3
(
U ,U
)
= 0 for each instanton bundle with charge α
on P3.
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Example 3.3. In [16] the author defined instanton bundles on a Fano threefold
X with Pic(X) generated by OX(h), as the µ–stable rank 2 bundles E such that
c1(E) = (2qX − iX)h and h1
(
X, E(−qXh)
)
= 0: a similar definition can be found in
in [24] when iX = 2. The description of instanton bundles on such Fano threefolds
is the main object of the paper [16].
The aforementioned theorem of Maruyama still implies that E is earnest in this
case. As we mentioned in the introduction, the problem of showing that an in-
stanton bundle is generically trivial on Λ is still open (see [24, Section 3.7 and
Conjecture 3.16]).
Example 3.4. In [26] instanton bundles on a Fano variety with Picard number
̺X ≥ 2 were studied for the first time. More precisely the authors deal with
instanton bundles on the flag variety, i.e. the general hyperplane section X of the
Segre embedding P2×P2 ⊆ P8. The two projections P2×P2 → P2 induce projections
πi : X → P2 and Pic(X) is freely generated by OX(hi) ∼= π∗iOP2(1): moreover
A2(X) is freely generated by h21 and h
2
2 with the relation h1h2 = h
2
1 + h
2
2. Notice
that lines on X are exactly the cycles in the classes h21 and h
2
2, hence Λ = Λ1 ∪Λ2,
Λi ∼= P2 be the Hilbert scheme of lines in the class h2i .
The authors define instanton bundles on X as the ones such that c2(E) is a
multiple of h1h2: the latter extra assumption is motivated by reasons related to
physics. Nevertheless, if we even do not consider such a restriction, most of the
results proved in [26] remain valid. In particular we can still find a monad for E as
in [26, Theorem 4.1]. If c2(E) = k1h21 + k2h
2
2, then it looks like
0 −→ OX(−h1)
⊕k1 ⊕OX(−h2)
⊕k2 −→ O⊕2k1+2k2+2X −→
−→ OX(h1)
⊕k1 ⊕OX(h2)
⊕k2 −→ 0.
The above monad induces the two short exact sequences
0 −→ K −→ O⊕2k1+2k2+2X −→ OX(h1)
⊕k1 ⊕OX(h2)
⊕k2 −→ 0,
0 −→ OX(−h1)
⊕k1 ⊕OX(−h2)
⊕k2 −→ K −→ E −→ 0.
(3.3)
Recall that if α1, α2 ∈ Z, with α1 ≤ α2, we have
hi
(
X,OX(α1h1 + α2h2)
)
6= 0
if and only if
• i = 0 and α1 ≥ 0;
• i = 1 and α1 ≤ −2, α1 + α2 + 1 ≥ 0;
• i = 2 and α2 ≥ 0, α1 + α2 + 3 ≤ 0;
• i = 3 and α2 ≤ −2.
In all these cases
hi
(
X,OX(α1h1 + α2h2)
)
= (−1)i
(α1 + 1)(α2 + 1)(α1 + α2 + 2)
2
. (3.4)
(see [10, Proposition 2.5]).
If OX(D) ∼= OX(a1h1 + a2h2) has sections, then the numbers ai’s must be non–
negative, thanks to Equality (3.4). It is immediate to check that
h2
(
X,OX(−(a1 + 2)h1 − (a2 + 1)h2)
)
= h2
(
X,OX(−(a1 + 1)h1 − (a2 + 2)h2)
)
= 0,
h1
(
X,OX(−(a1 + 1)h1 − (a2 + 1)h2)
)
= 0,
h0
(
X,OX(−a1h1 − (a2 + 1)h2)
)
= h0
(
X,OX(−(a1 + 1)h1 − a2h2)
)
= 0.
Thus the cohomology of Sequences (3.3) tensored by OX(−h−D) yields that E is
earnest, because a1, a2 ≥ 0.
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Notice that in this case not every instanton bundle is automatically µ–stable.
Indeed, in [26] the authors show the existence of strictly µ–semistable instanton
bundles proving that they are exactly the ones fitting in the extensions
0 −→ OX(D) −→ E −→ OX(−D) −→ 0,
where OX(D) ∼= OX(dh1 − dh2) for some non–zero integer d (in particular see [26,
Proposition 2.5]). It can be easily proved that such strictly µ–semistable instanton
bundles are always generically trivial on exactly one component of Λ.
The study of instanton bundles on the Segre embedding P1×P1×P1 ⊆ P7 leads
to similar results: the interested reader can find them in [2].
Remark 3.5. Let X be a Fano threefold endowed with an ample line bundle
OF (H) such that ωX ∼= OX(−iX,HH) for some integer iX,H (if any).
In principle, one could introduce the notion of instanton bundle with respect to
OF (H) by replacing the index iX with iX,H in Definition 1.1 and defining
qX,H :=
[
iX,H
2
]
.
As an example we deal with P3.
The 2–uple embedding X ⊆ P9 of P3 is a del Pezzo threefold. In particular
OX(H) := OP3(2) and ωX ∼= OP3(−4) ∼= OX(−2H) so that iX,H = 2 and qX,H = 1:
notice that in this case though Pic(X) is cyclic, it is not generated by OX(H).
Since iX,H is even, it follows that an instanton bundle E with respect to OF (H)
still satisfies c1(E) = 0.
We already know that a vector bundle E is µ–stable with respect to OP3(1) if
and only if the same is true with respect to OX(H). Moreover, h1
(
X,OX(−H)
)
=
h1
(
P3,OP3(−2)
)
. It follows that E is an instanton bundle on X with respect to
OX(H), if and only if it is an instanton bundle on P3 with respect to OP3(1).
Notice that c2(E)H = 2c2(E)c1(OP3(1)), hence instanton bundles of minimal
charge coincide. Finally X does not contain lines, hence every instanton bundle on
X is generically trivial.
Similarly, we can also consider the 4–uple embedding X ⊆ P34 of P3. In
particular OX(H) := OP3(4) and ωX ∼= OP3(−4) ∼= OX(−H), hence iX,H = 1
and qX,H = 0. Every instanton bundle E with respect to OF (H) must satisfy
c1(E) = −H and h
1
(
X, E
)
= 0. Thus the bundle F := E(2) satisfies c1(F) = 0 and
h1
(
X,F(−2)
)
= 0, hence it is either µ–stable or F ∼= O⊕2X , thanks to [30, Remark
in Section II.3.4]. We conclude that E(2), if indecomposable, is an instanton on P3
with respect to OP3(1).
4. General results on instanton bundles
In this section we list some results on instanton bundles which holds true on
every Fano threefold.
Let X be a variety with a fixed polarization OX(h): a sheaf F on X has natural
cohomology in degree λ ∈ Z (with respect to OX(h)), if hi
(
X,F(λh)
)
6= 0 for at
most one i. In [31] the authors gave a different definition of instanton sheaves in
terms of sheaves with natural cohomology in a certain range. We can state the
following proposition.
Proposition 4.1. Every µ–semistable bundle E of rank 2 with natural cohomol-
ogy in degree −qX on a Fano threefold X, such that c1(E) = (2qX − iX)h, and
h0
(
X, E
)
= 0 is an instanton bundle.
Every instanton bundle E on a Fano threefold X has natural cohomology in
degree λ in the range −2qX ≤ λ ≤ 0. More precisely, hi
(
X, E(λh)
)
= 0 unless
either 1− qX ≤ λ ≤ 0 and i = 1, or −2qX ≤ λ ≤ −1− qX and i = 2.
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Proof. Equality (2.4) implies χ(E(−qXh)) = 0, hence
hi
(
S, E(−qXh)
)
= 0, i ≥ 0, (4.1)
because the cohomology of E is natural in degree −qX . Thus E is an instanton
bundle by definition.
Conversely, let us first examine the case λ = −qX . Since h0
(
X, E
)
= 0, it follows
that h0
(
X, E(−qXh)
)
= h3
(
X, E(−qXh)
)
= 0. Moreover, thanks to Equality (2.4)
we have χ(E(−qXh)) = 0 because c1(E) = (2qX − iX)h, hence
h1
(
X, E(−qXh)
)
= h2
(
X, E(−qXh)
)
.
Equality (4.1) then follows from the instantonic condition.
Let us now examine the case λ 6= −qX . We have
hi
(
X, E(λh)
)
= h3−i
(
X, E((−λ− 2qX)h)
)
= 0,
thanks to Equality 2.1, hence it suffices to prove the thesis for 1− qX ≤ λ ≤ 0: in
particular we can assume iX ≥ 2 from now on.
In the cases iX = 2, 3, it suffices to check that
h2
(
X, E
)
= 0, (4.2)
because qX = 1 in these cases. Let H be a general hyperplane section of X : H is
then a Fano surface and we have the exact sequence
0 −→ OX(−h) −→ OX −→ OH −→ 0.
Since h0
(
X, E
)
= h1
(
X, E(−h)
)
= 0, it follows that h0
(
H, E ⊗ OH
)
= 0: Equality
(2.1) then yields h2
(
H, E ⊗ OH
)
= 0 too. The cohomology of the above sequence
and Equality (4.1) yield the Equality (4.2), hence the statement is proved when
iX = 2, 3.
In the case iX = 4, it is easy to check that E has natural cohomology looking
at the exact sequences associated to the monad defining E (see [30, Example 5 of
Section II.3.2]). 
Corollary 4.2. If E is an instanton bundle on a Fano threefold X, then
c2(E)h ≥


1 if iX = 4,
2 if iX = 2, 3,
deg(X)
4 if iX = 1.
(4.3)
Proof. If iX ≥ 2, then χ(E) = −h1
(
X, E
)
thanks to Proposition 4.1. Equality (2.4)
implies
χ(E) =
{
2− 2c2(E)h if iX = 4,
2− c2(E)h if iX = 2.
(4.4)
By combining the above equalities with the non–positivity of χ(E), we deduce the
statement for iX = 2, 4.
If iX = 3 see [16, proof of Lemma 2]. Finally, let us consider the cases iX = 1. If
H is a general hyperplane section of X , then we know that E ⊗OH is µ–semistable
(see [29, Theorem 3.1]), hence the Bogomolov inequality for E ⊗OH yields the last
inequality of the statement. 
Remark 4.3. An instanton bundle on X is called minimal if equality holds in
Inequality (4.3).
When iX = 4, every minimal instanton bundle E is a null–correlation bundle,
i.e. it fits into an exact sequence of the form
0 −→ OP3(−1) −→ Ω
1
P3
(1) −→ E −→ 0
(see [30, Lemma II.4.3.2]), hence h1
(
P3, E(−1)
)
= 1.
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If iX = 2, 3 and E is a minimal instanton bundle, then Equality (4.4) implies
that hi
(
X, E(λ)
)
= 0 in the range −2 ≤ λ ≤ 0 and i ≥ 0. It follows that E(h)
is an Ulrich bundle with c1(E(h)) = (2qX − iX + 2)h in the sense of [14]. Ulrich
bundles of rank 2 on Fano threefolds with iX = 2, 3 are completely classified. The
unique Ulrich bundle of rank 2 on the smooth quadric is S(h) where S is the spinor
bundle (see [15]). If iX = 2, then Ulrich bundles of rank 2 have been described in
[4, 9, 10, 11, 8].
When iX = 1 minimal instanton bundles are not necessarily Ulrich, because we
have too few vanishings in cohomology.
The last result of this section deals with Fano threefolds containing a plane E
(see [37] for their classification).
Lemma 4.4. Let E be a instanton on a Fano threefold X with iX ≤ 2 containing
a plane E.
The following assertions are equivalent:
(1) E ⊗ OE is µ–semistable;
(2) h1
(
X, E(−E − qXh)
)
= 0.
The above assertions imply the following one:
(3) E is generically trivial on ΛE.
Proof. On the one hand, the cohomology of Sequence (1.1) with D := E tensored
by E(−qXh) and the instantonic condition imply that E ⊗ OE is µ–semistable if
and only if h1
(
X, E(−E − qXh)
)
= 0 thanks to [30, Lemma II.1.2.5].
Notice that if E ⊗OE is µ–semistable, then it splits on the general line L ⊆ E as
either O⊕2
P1
, if iX is even, or OP1(−1) ⊕OP1 , if iX is odd thanks to [30, Corollary
2 of Theorem II.2.1.4]. Trivially, the locus of lines L ∈ ΛE with such a splitting
property is open by semicontinuity, hence E is generically trivial on ΛE . 
5. The blow up of P3 at a point
From now on we will focus our attention of the blow up F := BlP P
3 of P3 at a
point P . The threefold F is endowed with two natural morphisms, the blow up map
σ : F → P3 and the projection π : F ∼= P(P)→ P2, where P := OP2⊕OP2(1). Recall
that E := σ−1(P ) ∼= P2 and σ induces an isomorphism F \ σ−1(P ) ∼= P3 \ { P }.
As explained in the introduction, we have the classes ξ and f of OP(P)(1) and
π∗OP2(1) respectively. Trivially π
∗OP2(1) is globally generated. Since P is globally
generated, the same holds for OF (ξ) ∼= OP(P)(1): moreover, OF (ξ) ∼= σ
∗OP3(1).
The embedding F ⊆ P8 is induced by the linear system OF (h) = OF (ξ + f) and
ωF ∼= OF (−2h): in particular iF = 2.
Recall that ξ3 = ξ2f = ξf2 are the class of a point: moreover, Ω = c2(Ω
1
F ) = 6ξf .
In particular, if E is an instanton bundle with charge αξ2+βf2 on F , then Equalities
(2.4) and 2hc2(ΩX) = 24 yield
χ(E(aξ + bf)) =
a3
3
+ a2b+ ab2 + 2a2 + b2 + 4ab+
+ 3b+
11a
3
+ 2− (a+ b + 2)α− (a+ 1)β.
(5.1)
Let H ⊆ P3 be a plane through P . On the one hand, σ−1(H) is in the class of
ξ. On the other hand, σ−1(H) is the union of E with the strict transform of H .
Such a strict transform is in the linear system |f |, hence E is the unique element
in |ξ − f |. Notice that Eh2 = 1, hence E ⊆ P8 is a plane.
Conversely, let H ⊆ F ⊆ P8 be a plane and assume OF (αξ + βf) ∼= OF (H), so
that 4α+ 3β = Hh2 = 1. Since both OF (f) and OF (ξ) are globally generated, it
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follows that α + β = Hξ2 and α = Hf2 are both non–negative. We deduce that
α = −β = 1 necessarily, i.e. E is the only plane contained in F .
In order to prove Theorem 1.3 stated in the introduction we will make use the
following result.
Lemma 5.1. Let E be an instanton bundle on F .
Then E is the cohomology in degree 0 of a complex C• where
Ci :=
⊕
q−s=i
⊕
a+b=s
Hq
(
F, E(−aξ − (b− a)f)
)
⊗ π∗Ωb
P2
(bf)⊗ ∧aOF (−ξ).
Proof. Recall that F ∼= P(P), hence we can apply [1, Theorem 8]: notice that, with
the notation in that paper, P(G) := P(Sym(G∨)) for each locally free sheaf G. In
particular, in our case, we thus have G = P∨ ∼= OP2⊕OP2(−1): in order to apply [1,
Theorem 8] we must consider G(1), hence the relative universal line bundle therein
is OF (ξ − f).
The universal quotient bundle Q on F can be computed by dualizing the follow-
ing relative Euler exact sequence
0 −→ OF (f − 2ξ) −→ OF (−ξ)⊕OF (f − ξ) −→ OF −→ 0, (5.2)
tensored by the the relative universal line bundle, i.e. Q ∼= OF (ξ). 
We deduce from the above statement that in order to prove Theorem 1.3 we
have to compute the cohomologies hq
(
F, E(−aξ − (b − a)f)
)
for certain values of
q, a, b. Trivially we must have 0 ≤ q ≤ 3, 0 ≤ b ≤ 2 and 0 ≤ a ≤ 1. Thus we have
to compute hq
(
F, E ⊗ Fp
)
for 0 ≤ q ≤ 3 and 0 ≤ p ≤ 5 where
(F0,F1,F2,F3,F4,F5) : = (OF (−ξ − f),OF (−ξ),
OF (−ξ + f),OF (−2f),OF (−f),OF )
is the Orlov collection (with respect to the polarizationOF (ξ−f): see [32, Corollary
2.6]).
Proposition 5.2. Let E be an instanton bundle on F .
If c2(E) = αξ2 + βf2 and γ := h1
(
F, E(−2ξ)
)
, then hq
(
F, E ⊗Fp
)
is the number
in position (p, q) in the following table.
0 0 0 0 0 0 q = 3
0 0 0 γ 0 0 q = 2
0 α 2α β + γ α+ β 2α+ β − 2 q = 1
0 0 0 0 0 0 q = 0
p = 0 p = 1 p = 2 p = 3 p = 4 p = 5
Table 1: The values of hq
(
F, E ⊗ Fp
)
Proof. Some of the vanishing above are trivial. Indeed h0
(
F, E ⊗ F5
)
= 0 by
definition. It follows that h0
(
F, E ⊗ Fp
)
for each p, because E ⊗ Fp is a subbundle
of E . The same argument and Equality (2.1) yield h3
(
F, E ⊗ Fp
)
for each p.
Proposition 4.1 implies that hq
(
F, E ⊗ F0
)
for each q and that there is at most
one q such that hq
(
F, E ⊗ F5
)
6= 0. Equality (5.1) implies that χ(E) = 2 − β − 2α
which is non–positive thanks to Corollary 4.2, hence h1
(
F, E ⊗ F5
)
= 2α+ β − 2.
Equality (2.1) implies h2
(
F, E ⊗ F3
)
= h1
(
F, E(−2ξ)
)
= γ, hence Equality (5.1)
returns h1
(
F, E ⊗ F3
)
= β + γ.
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Notice that we have the two exact sequences
0 −→ π∗Ω1
P2
−→ OF (−f)
⊕3 −→ OF −→ 0, (5.3)
0 −→ OF (−3f) −→ OF (−2f)
⊕3 −→ π∗Ω1
P2
−→ 0. (5.4)
The first exact sequence is the pull–back of the Euler exact sequence on P2 via π.
The second one is the pull–back of the twisted dual of the same sequence.
The cohomology of Sequence (5.3) tensored by E(f − ξ) and the vanishing
h0
(
F, E ⊗ F1
)
= 0 imply h0
(
F, E ⊗ π∗Ω1
P2
(f − ξ)
)
= 0. Such a vanishing, the
cohomology of Sequence (5.4) tensored by E(f − ξ) and h1
(
F, E ⊗ F0
)
= 0 return
h1
(
F, E(−ξ − 2f)
)
= 0. Thanks to Equality (2.1), the latter vanishing implies
h2
(
F, E ⊗ F1
)
= 0. We deduce h2
(
F, E ⊗ F1
)
= α thanks to Equality (5.1).
The vanishings h2
(
F, E ⊗ F0
)
= h2
(
F, E ⊗ F1
)
= 0 and the cohomology of
Sequence (5.2) tensored by E(−f) yield the inequality
h2
(
F, E ⊗ F4
)
≤ h3
(
F, E(−2ξ)
)
= h0
(
F, E(−2f)
)
≤ h0
(
F, E
)
= 0.
Thus h1
(
F, E ⊗ F4
)
= α+ β (see Equality (5.1)).
Let us finally consider the cohomology of Sequence (5.4) tensored by E(−ξ).
Since
h0
(
F, E ⊗ π∗Ω1
P2
(−ξ)
)
≤ h0
(
F, E ⊗ π∗Ω1
P2
(f − ξ)
)
= 0,
and h1
(
F, E(−ξ − 2f)
)
= 0, it follows from Equality (2.1) that
h2
(
F, E ⊗ F2
)
≤ h3
(
F, E(−ξ − 3f)
)
= h0
(
F, E(−ξ + f)
)
= 0,
hence h1
(
F, E ⊗ F2
)
= 2α, thanks again to Equality (5.1).
The statement is then completely proved. 
The next corollary is an immediate by–product of Proposition 5.2. It deals with
the numbers α, β, γ clarifying their roles and specializing Corollary 4.2 to the case
of instantons on F .
Corollary 5.3. Let E be an instanton with charge αξ2 + βf2 on F .
Then α ≥ 0, α+ β ≥ 0, β + γ ≥ 0 and 2α+ β ≥ 2.
Proof. From Table 1 we deduce that the number listed in the statement are dimen-
sions of certain vector spaces, thus they must be non–negative. 
In the proof of Theorem 1.3 we will need the cohomology of certain twist of
π∗Ωb
P2
. We compute it in the next propositions: we first compute the cohomology
of such twists when b = 0, 2 (see also [10, Proposition 2.3] where the statement
though equivalent, is slightly different).
Proposition 5.4. We have
h0
(
F,OF (aξ + bf)
)
=
a∑
j=0
(
b+ 2 + j
2
)
,
h1
(
F,OF (aξ + bf)
)
=
−a−2∑
j=0
(
b+ 1− j
2
)
,
h2
(
F,OF (aξ + bf)
)
=
a∑
j=0
(
−b− 1− j
2
)
,
h3
(
F,OF (aξ + bf)
)
=
−a−2∑
j=0
(
−b+ j
2
)
where the summation is 0 if the upper limit is smaller than the lower limit.
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Proof. On the one hand, if a ≥ −1, then [17, Exercises III.8.1, III.8.3 and III.8.4]
implies that
hi
(
F,OF (aξ + bf)
)
= hi
(
P
2,OP2(b)⊗ π∗OF (aξ)
)
=
a∑
j=0
hi
(
P
2,OP2(b+ j)
)
.
On the other hand, if a ≤ −1, then Equality (2.1) yields
hi
(
F,OF (aξ + bf)
)
= h3−i
(
F,OF (−(a+ 2)ξ − (b+ 2)f)
)
.
The statement then follows by combining the above equalities. 
A trivial consequence of the above proposition is that OF (aξ+bf) is an effective
line bundle if and only if a, a+ b ≥ 0.
Corollary 5.5. The cycle αξ2+βf2 ∈ A2(F ) is in Mov(F ) if and only if α, β ≥ 0.
Proof. Since the pseudo–effective cone is generated by the effective divisor (i.e.
divisors in linear systems |aξ + bf | with a, a+ b ≥ 0), it suffices to check that
(αξ2 + βf2)(aξ + bf) = α(a+ b) + βa
for each a, b such that a, a+ b ≥ 0 if and only if α, β ≥ 0, which is trivial. 
Now we deal with the case b = 1.
Proposition 5.6. We have
h0
(
F, π∗Ω1
P2
(aξ + bf)
)
=
a∑
j=0
(
b+ 1 + j
1
)(
b− 1 + j
1
)
,
h1
(
F, π∗Ω1
P2
(aξ + bf)
)
=
{
1 if a ≥ −b ≥ 0,∑−a−2
j=0
(
b−j
1
)(
b−2−j
1
)
elsewhere,
h2
(
F, π∗Ω1
P2
(aξ + bf)
)
=
{
1 if a ≤ −b− 1 ≤ −2,∑a
j=0
(
−b+1−j
1
)(
−b−1−j
1
)
elsewhere,
h3
(
F, π∗Ω1
P2
(aξ + bf)
)
=
−a−2∑
j=0
(
−b+ 2 + j
1
)(
−b+ j
1
)
where the summation is 0 if the upper limit is smaller than the lower limit.
Proof. It suffices to use the Bott formulas (see [30, Formulas at p.8]) and the same
argument already used in the proof of Proposition 5.4. 
The following remark will be helpful for proving Theorem 1.3 stated in the
introduction.
Remark 5.7. We show that |aξ + bf | contains a smooth integral divisor D if and
only if either a, b ≥ 0, or a = −b = 1.
To this purpose we first notice that OF (aξ+bf) is globally generated if and only
if a, b ≥ 0. Indeed, on the one hand, if a, b ≥ 0 the assertion is a trivial consequence
of the existence of a surjective morphism π∗P → OF (ξ). On the other hand, if
OF (aξ+ bf) is globally generated, then a = (aξ+ bf)f2 and b = (aξ+ bf)(ξ2− f2)
must be non–negative.
If a = −b = 1, then D = E which is trivially smooth and integral. If a, b ≥ 0,
then OF (aξ + bf) is globally generated, hence |aξ + bf | contains a smooth integral
divisor thanks to the Bertini theorem.
Conversely, assume that |aξ + bf | contains a smooth integral divisor. Thus if
OF (aξ + bf) is not globally generated, then a ≥ 1 and −1 ≥ b ≥ −a, thanks to
Proposition 5.4. If E 6⊆ D, then D ∩ E is necessarily a curve or it is empty, hence
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we should have 0 ≤ DEh = b ≤ −1, a contradiction. Thus D = E + R for some
divisor R on X : since D is smooth and integral, it follows that R = 0, i.e. D = E.
We are now ready to prove Theorem 1.3 as an almost immediate consequence of
Lemma 5.1 and Proposition 5.2.
Proof of Theorem 1.3. By applying Lemma 5.1 using the values hq
(
F, E ⊗ Fp)
calculated in Proposition 5.2 we obtain the complex C• where
C−1 := OF (−f)
⊕β+γ ⊕ π∗Ω1F (f − ξ)
⊕α,
C0 := OF (−f)
⊕γ ⊕ π∗Ω1
P2
(f)⊕α+β ⊕OF (−ξ)
⊕2α,
C1 := O⊕2α+β−2F ,
We have the two short exact sequences
0 −→ K −→ C0 −→ C1 −→ 0,
0 −→ C−1 −→ K −→ E −→ 0.
(5.5)
Thus
hi
(
F, E ⊗ L
)
≤
1∑
j=−1
hi−j
(
F, Cj ⊗ L
)
(5.6)
for each L ∈ Pic(F ).
Taking L := OF (−2ξ), Propositions 5.4, 5.6 and Inequality (5.6) imply
γ = h1
(
F, E(−2ξ)
)
≤ αh2
(
F, π∗Ω1F (−3ξ + f)
)
= α.
Conversely, if E is the cohomology C•, we have Sequences (5.5). Easy and tedious
computations lead to the equalities
c1(E) = c1(C
0)− c1(C
1)− c1(C
−1) = 0,
c2(E) = c2(C
0)− c2(C
1)− c2(C
−1)− c1(C
0)c1(C
1) + c1(C
1)2 = αξ2 + βf2.
Moreover, Inequality (5.6) trivially still holds.
Propositions 5.4, 5.6 and Inequality (5.6) with L := OF imply h0
(
F, E
)
= 0.
Using Equality (2.1), one immediately checks that
h1
(
F, E(−h− E)
)
= h1
(
F, E(−2ξ)
)
= h2
(
F, E(−2f)
)
.
Argueing as in the previous case with L := OF (−2f) we deduce assertion (1) of
the statement.
Now let D be either 0, or any smooth element in |aξ + bf |, D 6= E: thanks to
Remark 5.7 we then know that a, b ≥ 0. Again the same argument with
L := OF (−h−D) ∼= OF (−(a+ 1)− (b+ 1)f)
yields h1
(
F, E(−h − D)
)
= 0. If D = 0, then we deduce that E satisfies the
instantonic condition, hence is an instanton, because it is assumed µ–semistable. If
D 6= 0, we obtain assertion (2). 
Remark 5.8. If E is assumed to be earnest, then it is the cohomology of a monad
of the form
0 −→ OF (−f)
⊕β ⊕ π∗Ω1F (f − ξ)
⊕α −→
−→ π∗Ω1
P2
(f)⊕α+β ⊕OF (−ξ)
⊕2α −→ O⊕2α+β−2F −→ 0.
Starting from the monad, one cannot hope to prove that h1
(
F, E(−2ξ)
)
= γ.
Indeed the integer γ can be made as large as possible without affecting the co-
homology of the monad, simply by adding automorphisms of OF (−f)⊕u for an
arbitrarily large integer u.
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6. General results on instanton bundles on F
In this section we deal with some general properties of instanton bundles on the
blow up F of P3 at a point.
We first describe the families of lines on F .
Remark 6.1. Let L ⊆ F be a line. If aξ2 + bf2 is its class in A2(F ) we know that
2a+ b = (aξ2 + f2)h = 1, a = (aξ2 + f2)f, b = (aξ2 + f2)E.
Since OF (f) is globally generated it follows that a ≥ 0. If L 6⊆ E, then b ≥ 0, hence
a = 0, b = 1 and the class of L is f2. Let L ⊆ E, then it is cut out on the plane
E ⊆ P8 by a hyperplane, hence its class is Eh = ξ2 − f2 = Ef .
Thus there are two families of lines on F and each such line L is the complete
intersection of two divisors. It follows that its ideal sheaf IL|F fits into a Koszul–
type resolution.
In the former case L is a fibre of the projection π : F → P2 and we have the
exact sequence
0 −→ OF (−2f) −→ OF (−f)
⊕2 −→ IL|F −→ 0.
The restriction of the above sequence to L yields the isomorphism IL|F/I
2
L|F
∼=
IL|F ⊗OL ∼= O
⊕2
P1
, hence NL|F ∼= O
⊕2
P1
. Let Λπ ⊆ Λ be the locus corresponding to
these lines.
In the latter case L is a line inside E and we have the exact sequence
0 −→ OF (−ξ) −→ OF (−f)⊕OF (−ξ + f) −→ IL|F −→ 0.
Argueing as above NL|F ∼= OP1(−1)⊕OP1(1). If ΛE is the locus of such lines in the
Hilbert scheme Λ, then dim(ΛE) = h
0
(
L,NL|F
)
= 2 and h1
(
L,NL|F
)
= 0. Thus
ΛE is a smooth surface dominated by E
∨ ∼= P2, hence it is actually isomorphic to
it by a theorem of Castelnuovo. In fact, using a similar approach, one can easily
check that the Hilbert scheme of lines of any Fano threefold with iX ≤ 2 containing
a plane E always has E∨ ∼= P2 as a component.
It follows that Λ = Λπ ∪ΛE where Λπ ∩ΛE = ∅ and Λπ ∼= ΛE ∼= P2. Thus there
are two ways of taking a general L ∈ Λ.
Thanks to the above remark, if E is an instanton bundle which is generically
trivial on ΛE, then E ⊗ OL ∼= O
⊕2
P1
on the general line L ⊆ E, hence E ⊗ OE is
µ–semistable thanks to [30, Lemma II.2.2.1]. In particular, in this case, assertions
(1), (2) and (3) in Lemma 4.4 are actually equivalent.
Our first result is the description of minimal instanton bundles.
Proposition 6.2. A bundle E of rank 2 on F is a minimal instanton bundle if and
only if E(h) is Ulrich.
Moreover, every minimal instanton bundle E on F is generically trivial and
earnest.
Proof. In Remark 4.3 we already checked that for each minimal instanton bundle
E on F , then E(h) is Ulrich.
Conversely, let E(h) be an Ulrich bundle of rank 2 on F . By definition we
already know that h0
(
F, E
)
= h1
(
F, E(−h)
)
= 0 and that E is µ–semistable (see
[7]). Thanks to the classification in [11] we know that E is either π∗V , where V
is a µ–stable bundle on P2 with c1(V) = 0 and c2(V) = 2, or σ
∗U , where U is a
null–correlation bundle on P3.
In the first case let π̂ be the restriction of π to E. It follows that E ⊗OE ∼= π̂∗V .
Since π is induced by OF (f), it follows that π̂ is the isomorphism induced by
OF (f)⊗OE . Thus the µ–stability of V with respect to OP2(1) yields the µ–stability
of E ⊗ OE with respect to OF (f)⊗OE ∼= π̂∗OP2(1).
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In particular E is generically trivial on ΛE thanks to [30, Corollary 2 of Theorem
II.2.1.4]. Moreover, V is µ–stable, hence
h1
(
F, E(−2ξ)
)
= h2
(
F, E(−2f)
)
= h2
(
P
2,V(−2)
)
= h0
(
P
2,V(−1)
)
= 0.
thanks to Equality (2.1) and [17, Exercises III.8.1, III.8.3 and III.8.4]. It follows that
E is earnest thanks to Corollary 1.4. Finally, if L ∈ Λπ is general, then L = π−1(x)
for a general point x ∈ P2. Thus, OL ∼= π
∗
Cx, where Cx is the skyscraper sheaf
supported on x, hence
E ⊗ OL ∼= π
∗(V ⊗ Cx) ∼= π
∗(C⊕2x )
∼= O⊕2
P1
.
Now let E ∼= σ∗U be the pull–back of a general null–correlation bundle U on P3:
thus c2(E) = ξ2, whence c2(E)h = 2, i.e. E is an instanton bundle with minimal
charge. Since E = σ−1(P ), it follows that OE ∼= σ
∗
CP , where CP is the skyscraper
sheaf supported on P . Thus
E ⊗ OE ∼= σ
∗(U ⊗ CP ) ∼= O
⊕2
P2
,
hence E ⊗OL ∼= O
⊕2
P1
for each L ∈ ΛE , i.e. E is generically trivial on ΛE . Moreover,
h1
(
F, E(−2ξ)
)
= 0, hence E is earnest thanks to Corollary 1.4.
If ℓ is a general line through P , then U ⊗Oℓ ∼= O
⊕2
P1
. The strict transforms of the
lines through P are the lines L ∈ Λπ. The properties of the blow up map then imply
that σ|L : L→ ℓ is the blow up of ℓ at the point P , hence it is an isomorphism: in
particular σ∗Oℓ ∼= OL, whence E ⊗ OL ∼= σ∗(U ⊗ Oℓ) ∼= O
⊕2
P1
: i.e. E is generically
trivial on Λπ too. 
On the one hand, by definition, instanton bundles on Fano threefolds F with
̺F = 1 are µ–stable as pointed out in Example 3.3. On the other hand, we showed
in the same example that there exist strictly µ–semistable instanton bundles on
threefolds F ⊆ P7 of degree 6 and iF = 2. It is then natural to deal with the
µ–stability of instanton bundles using the following helpful lemma.
Lemma 6.3. Let G be a rank 2 vector bundle on F .
Then G is µ–stable (resp. µ–semistable) if and only if h0
(
F,G(−aξ − bf)
)
= 0
for each a, b ∈ Z such that 4a+ 3b ≥ µ(G) (resp. > µ(G)).
Proof. The group Pic(F ) is generated by the classes of ξ and f , hence it suffices to
apply [21, Corollary 4]. 
The following result could provide some evidence that instanton bundles on F
should be µ–stable.
Proposition 6.4. Let E be an instanton bundle with charge αξ2 + βf2 on F .
If α ≤ 14, then E is µ–stable.
Proof. Let E be a strictly µ–semistable with c2(E) = αξ2 + βf2. Lemma 6.3 yields
that h0
(
F, E(−aξ − bf)
)
6= 0 for some integers a, b such that 4a+ 3b = µ(E) = 0:
In particular there is λ ∈ Z \ { 0 } such that a = 3λ, b = −4λ.
Thus there is a non–zero section s ∈ H0
(
F, E(−3λξ+4λf)
)
: the zero locus of s is
the union of a possibly empty subscheme C ⊆ F of pure dimension 1 and of a divisor
S ⊆ F which is either zero or effective. ThusH0
(
F, E(−3λξ+4λf−S)
)
must contain
a non–zero section vanishing exactly along C, hence we would have an injective map
OS(aξ + bf + S) → E : it follows that 0 ≤ Sh2 = (3λξ − 4λf + S)h2 ≤ µ(E) = 0,
i.e. S = 0.
In particular we have an exact sequence of the form
0 −→ OF (3λξ − 4λf) −→ E −→ IC|F (−3λξ + 4λf) −→ 0.
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A simple computation shows that C has class (α−15λ2)ξ2+(β+16λ2)f2 in A2(F ).
Thus, for a general line ℓ ⊆ P2, the surface F0 = π−1(ℓ) ∈ |f | intersects C in a
0–dimensional scheme of degree α− 15λ2 ≥ 0, hence α ≥ 15. 
We close this section by proving that in our case it is not possible to construct
instanton bundles by taking suitable extensions of line bundles on F as in [26].
Proposition 6.5. No instanton E on F can fit in an extension of the form
0 −→ OF (−aξ − bf) −→ E −→ OF (aξ + bf) −→ 0. (6.1)
Proof. Assume that E fitting in Sequence (6.1) actually exists.
If the sequence splits, then
E ∼= OF (−aξ − bf)⊕OF (aξ + bf).
Since E is µ–semistable, it follows that both µ(OF (aξ+ bf)) and µ(OF (−aξ− bf))
are not positive. Thus,
4a+ 3b = µ(OF (aξ + bf)) = −µ(OF (−aξ − bf)) = 0,
hence there is λ ∈ Z such that a = 3λ, b = −4λ. We have λ 6= 0, otherwise
h0
(
F, E
)
= 2, contradicting the definition of instanton. If λ 6= 0, we can assume
that λ ≥ 1, hence Proposition 5.4 implies
h1
(
F, E(−h)
)
≥ h1
(
F,OF ((−3λ− 1)ξ + (4λ− 1)f)
)
6= 0,
again a contradiction.
From now on we will assume that Sequence (6.1) does not split: it follows that
h1
(
F,OF (−2aξ − 2bf)
)
6= 0. By Proposition 5.4, this implies that 2a ≥ 2 and
2b ≤ −1, which implies that a ≥ 1 and b ≤ −1.
From Sequence (6.1), it can be quickly seen that c2(E) = −b2f2 − (2ab+ a2)ξ2.
Thanks to Corollary 5.3 we deduce that −(b2 + 2ab + a2) is non–negative, hence
b = −a. The same proposition also implies −4ab− 2a2 − b2 ≥ 2, hence a ≥ 2.
The cohomology of Sequence (6.1) tensored by OF (−h), the above restriction
on a and b then yields h0
(
F,OF ((a− 1)ξ+(−a− 1)f)
)
= 0, thanks to Proposition
5.4, hence
h1
(
F, E(−h)
)
≥ h1
(
F,OF ((−a− 1)ξ + (a− 1)f)
)
.
Again Proposition 5.4 implies that the dimension on the left is positive because
a− 1 ≤ −3 and −a− 1 ≥ 1, hence E cannot be an instanton. 
7. The proof of Theorem 1.7
In this section we will prove Theorem 1.7, showing the existence of earnest
instanton bundles on F . To this purpose we will construct irreducible families of
instanton bundles from very reducible curves using Theorem 2.2. First we introduce
an important family of conics on F .
Remark 7.1. Let us consider the curves C in F which are inverse images via σ of
lines not containing the blown up point P . Their class in A2(F ) is ξ2, hence C is
a conic and the ideal sheaf IC|F has the Koszul–type resolution
0 −→ OF (−2ξ) −→ OF (−ξ)
⊕2 −→ IC|F −→ 0.
In particular NC|F ∼= OP1(1)
⊕2.
Let Γ be the locus in the Hilbert scheme of conics corresponding to such curves.
By construction Γ is isomorphic to an open subset of the grassmannian of lines in
P
3, hence it is irreducible of dimension 4.
We are now ready to prove Theorem 1.7. We start by explaining how to construct
some particular instanton on F .
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Construction 7.2. Let α ≥ 0 and β ≥ 0 integers such that and 2α+ β ≥ 2.
Let L1, . . . , Lβ+1 ∈ Λπ and C1, . . . , Cα ∈ Γ be general curves. Notice that
Ci ∼= Lj ∼= P1 and we can assume such curves pairwise disjoint, due to the definition
of Γ and Λπ, because both OF (ξ) and OF (f) are globally generated. We define
X :=
α⋃
i=1
Ci ∪
β+1⋃
j=1
Lj ⊆ F. (7.1)
We claim that det(NX|F ) ∼= OF (2f)⊗OX . Such an isomorphism can be checked
component by component. Thanks to Remarks 6.1 and 7.1 we have
det(NX|F )⊗OCi ∼= OP1(2) ∼= OF (2f)⊗OCi ,
det(NX|F )⊗OLj ∼= OP1 ∼= OF (2f)⊗OLj .
Theorem 2.2 yields the existence of a vector bundle F on F with a section s vanish-
ing exactly along X and with c1(F) = 2f , c2(F) = X , because the curves Ci and
Lj have been chosen pairwise disjoint and h
2
(
F,OF (−2f)
)
= 0. Thus E := F(−f)
is a vector bundle fitting into an exact sequence of the form
0 −→ OF (−f) −→ E −→ IX|F (f) −→ 0. (7.2)
Since h1
(
F,OF (−2f)
)
= 0, then the bundle E is uniquely determined by the scheme
X .
We are finally ready to prove Theorem 1.7 stated in the introduction.
Proof of Theorem 1.7. By construction c1(E) = 0, c2(E) = αξ
2 + βf2.
Since the image via σ of an element in |f |, i.e. of a fibre of π is a plane through
the blown up point P , if α ≥ 1 then h0
(
F, IX|F (f)
)
= 0. If α = 0, then the
restriction 2α+ β ≥ 2 forces the existence of β + 1 ≥ 3 general curves in Λπ. Since
such curves are general, we deduce that their images via π do not lie on the same
line, hence again h0
(
F, IX|F (f)
)
= 0. In both the cases h0
(
F, E
)
= 0 and the
cohomology of Sequence (7.2) implies h1
(
F, E(−h)
)
= h1
(
F, IX|F (−ξ)
)
.
For each connected component Y ∼= P1 of X we have −ξY = −1: it follows that
h0
(
X,OF (−ξ)⊗OX
)
= 0. The cohomology of the exact sequence
0 −→ IX|F −→ OF −→ OX −→ 0 (7.3)
tensored by OF (−ξ) then yields h1
(
F, IX|F (−ξ)
)
≤ h1
(
F,OF (−ξ)
)
= 0, hence
h1
(
F, E(−h)
)
= 0.
We will now show that E is µ–stable. To this purpose we will make use of Lemma
6.3, proving that if 4a+ 3b = µ(OF (aξ + bf)) ≥ µ(E) = 0, i.e.
b ≥ −
4
3
a (7.4)
then the cohomology of Sequence (7.2) tensored by OF (−aξ − bf), i.e.
0 −→ OF (−aξ − (b + 1)f) −→ E(−aξ − bf) −→ IX|F (−aξ − (b− 1)f) −→ 0,
returns h0
(
F, E(−aξ − bf)
)
= 0. If a ≥ 1 such a vanishing is trivial. If a = 0,
then Inequality (7.4) implies b ≥ 0, and again h0
(
F, E(−aξ − bf)
)
= 0 trivially for
b ≥ 2. The same vanishing holds also for 0 ≤ b ≤ 1, because X contains at least
two disjoint components.
We restrict our attention to the case a ≤ −1. In this case Inequality (7.4) implies
−a− (b+ 1) ≤ −1 +
1
3
a ≤ −1,
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hence h0
(
F,OF (−aξ − bf)
)
= 0. Inequality (7.4) yields −a− b ≤ a/3. If a ≤ −4
this implies −a−b ≤ −2 hence −a−(b−1) ≤ −1. The same is true if −3 ≤ a ≤ −1
and b ≥ 2− a. Thus
h0
(
F, IX|F (−aξ − (b− 1)f)
)
≤ h0
(
F,OF (−aξ − (b − 1)f)
)
= 0.
It remains to deal with the case −3 ≤ a ≤ −1 and b = 1− a: in this case
h0
(
F, IX|F (−aξ − (b− 1)f)
)
= h0
(
F, IX|F (−a(ξ − f))
)
.
The support of each divisor in |λ(ξ−f)| with λ ≥ 1 is E, hence for a general choice
of X the dimension on the right is zero.
We prove that E is earnest: thanks to Corollary 1.4 it suffices to check that
h1
(
F, E(−2ξ)
)
= 0. The cohomology of Sequence (7.2) tensored by OF (−2ξ) yields
the equality
h1
(
F, E(−2ξ)
)
= h1
(
F, IX|F (−2ξ + f)
)
.
We now show that h1
(
F, IX|F (−2ξ + f)
)
= 0.
To this purpose it suffices to consider the cohomology of Sequence (7.3) tensored
by OF (−2ξ + f) and to prove that the induced map
ψ : H1
(
F,OF (−2ξ + f)
)
→ H1
(
X,OX ⊗OF (−2ξ + f)
)
is injective. Since h1
(
F,OF (−2ξ + f)
)
= 1 thanks to Proposition 5.4, it follows
that it suffices to check that ψ is non–zero, i.e. ker(ψ) = 0.
Let X0 :=
⋃β+1
j=1 Lj. Taking into account that
OF (−2ξ + f)⊗OCi ∼= OP1(−1),
OF (−2ξ + f)⊗OLj
∼= OP1(−2),
we deduce that ψ coincides with the map induced in cohomology by the restriction
OF (−2ξ + f)→ OX0 ⊗OF (−2ξ + f), hence ker(ψ) ⊆ H
1
(
F, IX0|F (−2ξ + f)
)
.
We have X0 = π
−1(Z) where Z ⊆ P2 is a general 0–dimensional subscheme of
degree β + 1. Being 0–dimensional, Z is arithmetically Cohen–Macaulay, hence
there is an exact sequence
0 −→
⊕
j
OP2(−tj) −→
⊕
i
OP2(−sj) −→ IZ|P2 −→ 0
where si, tj are positive integers. The flatness of π yields the existence of an exact
sequence
0 −→
⊕
j
OF (−2ξ+(1−tj)f) −→
⊕
i
OF (−2ξ+(1−si)f) −→ IX0|F (−2ξ+f) −→ 0.
We deduce that h1
(
F, IX0|F (−2ξ+f)
)
thanks to Proposition 5.4, because 1−si ≤ 0,
hence ker(ψ) = 0. Thus the claimed vanishing h1
(
F, IX|F (−2ξ+f)
)
= 0 holds true.
We prove that E is generically trivial. Since E is earnest, it follows from Lemma
4.4 that it is generically trivial on ΛE . Thus we have to show that it is generically
trivial on Λπ. If M ∈ Λπ is general, then Mf = 0 and M ∩X = ∅, hence Sequence
(7.2) tensored by OM ∼= OP1 becomes
0 −→ OP1 −→ E ⊗OM −→ OP1 −→ 0,
hence E ⊗ OM ∼= O
⊕2
P1
.
We finally prove the assertion on the dimensions of the Ext groups. Since E is
µ–stable, then it is simple, hence Ext3F
(
E , E
)
= 0 thanks to Lemma 2.1. We will
show below that Ext2F
(
E , E
)
∼= H2
(
F, E ⊗ E∨
)
= 0, hence
dimExt1F
(
E , E
)
= 8α+ 4β − 3,
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thanks to Lemma 3.1. To this purpose, the cohomology of Sequence (7.2) tensored
by E∨ ∼= E returns
H2
(
F, E(−f)
)
−→ H2
(
F, E ⊗ E∨
)
−→ H2
(
F, E ⊗ IX|F (f)
)
,
hence it suffices to check that h2
(
F, E(−f)
)
= h2
(
F, E ⊗ IX|F (f)
)
= 0.
We first check that h2
(
F, E(−f)
)
= 0. Indeed, thanks to Proposition 5.4 the
cohomologies of Sequences (7.3) and (7.2) tensored by OF (−f) return
h2
(
F, E(−f)
)
≤ h2
(
F, IX|F
)
≤ h1
(
F,OX
)
.
The dimension on the right is zero, because X is the disjoint union of smooth
rational curves.
Finally we check that h2
(
F, E ⊗ IX|F (f)
)
= 0. The cohomology of Sequence
(7.2) tensored by OF (f) implies h2
(
F, E(f)
)
≤ h2
(
F, IX|F (2f)
)
. The cohomology
of Sequence (7.3) tensored by OF (2f) then yields
h2
(
F, IX|F (2f)
)
≤ h1
(
X,OF (2f)⊗OX
)
.
Since OF (2f) restricts to each component of X to a line bundle of degree 2, it
follows that the dimension on the right is zero. In particular h2
(
F, IX|F (2f)
)
= 0,
hence the cohomology of Sequence (7.2) tensored by OF (f) implies h2
(
F, E(f)
)
= 0.
Hence the cohomology of Sequence (7.3) tensored by E(f) returns
h2
(
F, E ⊗ IX|F (f)
)
≤ h1
(
X, E(f)⊗OX
)
=
=
α∑
i=1
h1
(
X, E(f)⊗OCi
)
+
β+1∑
j=1
h1
(
X, E(f)⊗OLj
)
.
Equality (2.3) and the definition of E imply E(f)⊗OX ∼= NX|F . Thus
E(f)⊗OCi ∼= OP1(1)
⊕2, E(f)⊗OLj ∼= O
⊕2
P1
,
thanks to Remarks 6.1 and 7.1, hence h2
(
F, E ⊗ IX|F (f)
)
= 0. 
8. Some comments on the irreducibility of IF (αξ
2 + βf2)
Recall that IF (αξ2 + βf2) denotes the locus of points representing instanton
bundles inside MF (2; 0, αξ
2 + βf2).
Theorem 1.7 shows that the locus of points IearnestF (αξ
2 + βf2) representing
earnest instantons contains at least a non–empty irreducible component. In this
last section we will discuss about the irreducibility of such loci.
We start by giving the following complete characterisations of earnest instanton
bundles with charges αξ2 and βf2 in terms of bundles on P3 and P2.
Proposition 8.1. Let E be an earnest instanton bundle with charge αξ2 on F .
Then E ∼= σ∗U , where U is an instanton bundle with charge α on P3.
Proof. Recall that an instanton bundle E is earnest if and only if h1
(
F, E(−2ξ)
)
= 0
thanks to Corollary 1.4.
Both E(−2ξ) and E(−2f) are subbundles of E , hence
h0
(
F, E(−2ξ)
)
= 0, h3
(
F, E(−2ξ)
)
= h0
(
F, E(−2f)
)
= 0.
Equalities (1.2) and (5.1) imply χ(E(−2ξ)) = 0, hence h2
(
F, E(−2ξ)
)
= 0. Thus
the cohomology of the exact sequence
0 −→ OF (f − ξ) −→ OF −→ OE −→ 0
tensored by E(−h) and Equalities (4.1), (2.1) yield
h1
(
E, E(−h)⊗OE
)
= h2
(
E, E(−2h)⊗OE
)
= 0,
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i.e. E ⊗OE is 0–regular, hence globally generated. Since c1(E ⊗OE) = 0, it follows
that E ⊗ OE ∼= O
⊕2
E , hence U := σ∗E is a vector bundle of rank 2 on P
3 such that
σ∗U ∼= E (see [34, Theorem 5]).
In particular c1(U) = 0 and c2(U) = α necessarily. Since σ∗OF ∼= OP3 and
Riσ∗OF = 0 for i ≥ 1, it follows from [17, Exercises III.8.1 and III.8.3] that
h0
(
P3,U
)
= h0
(
F, E
)
= 0. The same argument also implies h1
(
P3,U(−2)
)
=
h1
(
F, E(−2ξ)
)
= 0, because σ∗(U(−2)) = E(−2ξ). We deduce that U is an instan-
ton bundle on P3. 
The following proposition gives a complete characterisation of instanton bundles
with charge βf2, because all such bundles are automatically earnest thanks to
Theorem 1.3 and Corollary 1.4.
Proposition 8.2. Let E be an instanton bundle with charge βf2 on F .
Then E ∼= π∗V, where V is a µ–stable bundle on P2 with c1(V) = 0 and c2(V) = β.
Proof. Thanks to Theorem 1.3 the instanton bundle E is the cohomology of a monad
0 −→ OF (−f)
⊕β −→ π∗Ω1
P2
(f)⊕β −→ O⊕β−2F −→ 0.
Since OF (f) ∼= π∗OP2(1) and the map π is flat, such a monad is the pull–back of a
monad on P2 of the form
0 −→ OP2(−1)
⊕β −→ Ω1
P2
(1)⊕β −→ O⊕β−2
P2
−→ 0.
Thus, if V is the cohomology of the latter, then E ∼= π∗V . In particular V is
necessarily locally free.
Using the above monad, it is not difficult to check that V satisfies the conditions
in the statement. 
Recall that MP2(2; 0, β) is integral, rational and smooth (see [5]: see also [28,
29, 23]). It then follows from Proposition 8.2, that the locus
IearnestF (βf
2) = IF (βf
2) ⊆MF (2; 0, βf
2)
of earnest instanton bundles is integral, rational and smooth as well.
When β = 0 we do not know whether IF (αξ2) is still irreducible: anyhow we
deduce from [22, 35, 36] that the locus IearnestF (αξ
2) is irreducible and smooth
thanks to Proposition 8.1.
In general, we are not even able to prove the irreducibility of IearnestF (αξ
2+βf2).
Nevertheless, we now prove Theorem 1.8, i.e. that Construction 7.2 always leads
to bundles in the same component.
Proof of Theorem 1.8. The schemes as in Equality (7.1) represent points in a non–
empty open subset H ⊆ Γ×α × Λ×β+1π . Since the latter product is irreducible, it
follows that the same holds for H.
Since the bundle E in Sequence (7.2) is uniquely determined by the scheme X ,
we obtain in this way a flat family of bundles containing all the bundles obtained
via Construction 7.2 and parameterized by H. Thus we deduce the existence of
a morphism u : H → IF (αξ2 + βf2). Every point in u(H) is smooth because
Ext2F
(
E , E
)
= 0 (see Theorem 1.7), thus there is a unique component I0F (αξ
2+βf2)
containing u(H): Theorem 1.7 then implies
dim I0F (αξ
2 + βf2) = dimExt1F
(
E , E
)
= 8α+ 4β − 3.
This last equality completes the proof of the statement. 
Thanks to Theorem 1.7, we know that each bundle in I0F (αξ
2 + βf2) is earnest,
then I0F (αξ
2+βf2) ⊆ IearnestF (αξ
2+βf2). The above discussion shows that equality
holds when α or β vanishes.
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